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THE COMPLEX MONGE-AMPERE TYPE EQUATION ON 
COMPACT HERMITIAN MANIFOLDS AND APPLICATIONS 

NGOC CUONG NGUYEN 


Abstract. We prove the existence and uniqueness of continuous solutions to 
the complex Monge-Ampere type equation with the right hand side in p > 
1, on compact Hermitian manifolds. Next, we generalise results of Eyssidieux, 
Guedj and Zeriahi |EGZ09l lEGZll] to compact Hermitian manifolds which a 
priori are not in the Fujiki class. These generalisations lead to a number of 
applications: we obtain partial results on a conjecture of Tosatti and Weinkove 
|TW12a] and on a weak form of a conjecture of Demailly and Paun |DP04| . 


Introduction 

Let (X^uj) be a n-dimensional compact Hermitian manifold. Given a non¬ 
negative function / G L^(X, u;^), p > 1, consider the complex Monge-Ampere 
type equation 

(w + ddV)" = 

0.1 

uj + dtfip >0, A > 0, 

for real-valued function (p, where — d), dd° = 

In the smooth category, for A > 0, given / positive and smooth Cherrier |Ch87] 
proved the existence and uniqueness of the smooth admissible solution. Later on, 
more general results are proved in this case by Hanani [Ha96a[ IHa96b| . 

The problem is considerably more difficult for the case A = 0. At that time 
though many important a priori estimates were derived but the uniform estimate 
was still missing for the continuity argument. Under various extra assumptions 
the existence of a smooth admissible solution was obtained in [Ch87) . Recently, 
the topic has been revived in the works of Guan-Li [GLIO] and Tosatti-Weinkove 
[TWlOal ITWlOb) . Ultimately, the existence was proved, in full generality, by pro¬ 
viding the uniform estimate, by Tosatti and Weinkove [TWlObj . Since then, the 
complex Monge-Ampere equation, both the elliptic and parabolic (the Chern-Ricci 
flow) version, on compact Hermitian manifold was studied extensively (see [NielSj , 
[SunHaEunUb], |TW12bl IrWOB |TWYangI^ , [Zm] !. 

On the other hand, by developing pluri-potential estimates on compact Hermit¬ 
ian manifolds Dinew and Kolodziej [DK12) were able to give another proof of the 
uniform estimate which was inspired by |Kol98] . This proof allows the right hand 
side in L^, p > 1, which has had many applications in Kahler geometry (see e.g. 
[EGZ09| . [PSS12] 1. This motivates the development of weak solutions theory for 
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the equation (IQI]) on compact Hermitian manifolds. Some geometric motivations 
and potential applications of such an investigation are discussed in [Dil4] . 

As a first step, for A = 0, the existence of a continuous solution to the equation 
dQH) was proved in [KN13] . In this case the new technical tool is needed. We 
wish to exploit further the results in |KN13) to study the complex Monge-Ampere 
type equation. It may help to understand deeper some open problem in Hermitian 
geometry. 

For the case A > 0, our first result is an extension of a theorem of Cherrier |Ch87] 
to the degenerate right hand side. 

Theorem 0.1. Let {X,uj) be a n-dimensional compact Hermitian manifold. Let 
0 < / S LP{X,uj'^), p > 1, be such that > 0. Fix A > 0. Then, there exist 

a unique continuous real-valued function ip on X satisfying 

(lu + dd‘^pY = u) + d(Fp > 0, 

in the weak sense of currents. 

Notice that we do not need to multiply the right hand side with a suitable 
constant as we do in the case A = 0 (see [TWlObj . [KNI3) b The following result 
will shed light on that mysterious constant. 

Corollary 0.2. Under assumptions of Theorem Id. II For each 0 < e < 1 let 
denote the unique continuous function solving 

(lu + dd’^pe)'^ = uj + dd‘^pe > 0. 

Suppose that a continuous real-valued function p on X and a constant c > 0 solve 

(lu + dd^^p)'^ = c/w", LU + dd'^p > 0. 

Then, for any fixed x G X, 

c= lim 
6 —^0 

In particular, the constant c in [KN131 Theorem 0.1] is uniquely defined. 

Tsuji [Ell] and Tian-Zhang [TiZhaOB] studied the Kahler-Ricci flow (parabolic 
Monge-Ampere equation) and its degenerate form on minimal algebraic varieties of 
general type. Later, the ’’finite energy” approach was introduced by Eyssidieux- 
Guedj-Zeriahi [GZ051IGZ071 lEGZOOj (see also |DiZhl0] ') building on the seminal 
works of Gegrell and Kolodziej [Ce98] , [Kol981 IKol03] . Further advances in [EGZ09] 
or [EGZll] require the manifold to be at least in the Fujiki class, i.e. bimeromorphic 
to a Kahler manifold. Using recent results in [DK12] . [KN13] . we are able to relax 
those assumptions. 

Theorem 0.3. Let (X,lu) be a n-dimensional compact Hermitian manifold. As¬ 
sume that /3 > 0 (semi-positive) is a smooth closed (l,l)-form on X such that 
E /3" > 0. Let 0 < / G LP(X,lu^), p > 1, be such that fuu" > 0. Then, there 
exists a unique continuous real-valued function p solving 

(0.2) (13 + dd‘^pY =e^fLu^, /3 + ddV>0 

in the weak sense of currents. 

The key ingredient to prove Theorem 10.31 is a very precise uniform estimate for 
the complex Monge-Ampere equation on compact Hermitian manifolds given in 
[KN13] . Once the Monge-Ampere type equation (10.211 is solvable, we can adapt 
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arguments |Kol03] to get the stability estimates (see [DiZhlOj . [EGZ091 lEGZll] !. 
We get the following 


Corollary 0.4. Under assumptions of Theorem 1 0. ,91 Assume that 

f f /w”. 

J X Jx 

Then, there exists a unique continuous real-valued function ip, supj^ = 0, solving 
{fd + dd^ifT = /w", P + dd‘^ip > 0. 

Notice that in both results above we still need to invoke the viscosity approach 
due to Eyssidieux-Guedj-Zeriahi |EGZ11) for the continuity of solutions. 

Remark 0.5. So far the conjecture [DP04[ Conjecture 0.8] is unsolved, so our results 
are of interest. If the conjecture was true, under the assumptions of Theorem 10..31 
and Corollary 10.41 the manifold would belong to the Fujiki class. 


The solvability of the complex Monge-Ampere equation with the metric being 
semi-positive gives a number of applications. First, we give a partial verihcation of 
a conjecture of Tosatti-Weinkove [TW12a| . 

Theorem 0.6. Let X be an-dimensional compact complex manifold. Suppose there 
exists a class {P} G M) which is semi-positive and satisfies P’^ > 0. Let 

xi, ...,Xn G X be fixed points and let ri, be positive real numbers so that 


(0.3) 


N 

f=i 


pn 


lx 


Then there exists a P-plurisuhharmonic function cp with logarithmic poles at xi ,xn 

p{z) < Tj log jzj -1-0(1), 

in a coordinate neighbourhood (zi,...,Zn) centered at Xj, where |zp = jzip -I- ... -I- 

knP- 

Here we require the class {/3} to be semi-positive which is stronger than nef in 
the conjecture (see [TW12a| l. Tosatti and Weinkove proved their conjecture for 
n = 2, 3 and they proved for general n > 4 under the different assumptions: X is 
Moishezon and {/3} is rational. 

The second application is a partial result on the weak form of a conjecture of 
Demailly and Paun |DP04] . Recently, Chiose |Chil3) and Popovici [Pol 4) simplified 
some arguments in [DP04j . Thanks to these simplifications and our results above 
we get the following. 

Theorem 0.7. Let {X,uj) be a n-dimensional compact complex manifold equipped 
with the pluriclosed metric co, i.e. ddLiw = 0. Assume that {/3} G H^q(X,M.) is a 
semi-positive cohomology class satisfying P'^ > 0. Then {/3} contains a Kdhler 
current T, i.e. T > 5uj for some i5 > 0. 

If we can remove the pluriclosed assumption on lo in the theorem, then we would 
get the weak form of |DP041 Conjecture 0.8]. So, our result supports the affirmative 
answer of this conjecture. 

The last application we wish to address is an improvement of a result of Gill 
[Cill,3] . It is related to the Chern-Ricci flow on smooth models of general type. It 
is proved in [DiZhlO] , |ECZ09] that we may use the elliptic Monge-Ampere equation 
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to get better regularity of solutions that are obtained by the Kahler-Ricci flow. We 
can do the same for the complex Monge-Ampere equation on compact Hermitian 
manifold and the Chern-Ricci flow (see Sectionfor the details). 

The organisation of the note is as follows. In Section[T]we give several estimates 
for the Monge-Ampere operator. These estimates are non-trivial extensions from 
the Kahler setting to the Hermitian one. In Section [5] we prove Theorem 10.11 and 
Corollarv l0.2l Section [3] deals with the degenerate Monge-Ampere equations, where 
Theorem [03] and Corollary [03] are proved by using extensively results in Sections]!] 
and ]2| Section 3] is devoted to applications: Theorems 10.6110.71 and the regularity 
of the Chern-Ricci flow. 
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1. Pluripotential estimates on compact Hermitian manifolds 

In this section we give several pluripotential estimates which are generalizations 
from the case of compact Kahler manifolds to compact Hermitian manifolds. Be¬ 
cause of the non closedness of metrics the proofs are often more complicated than 
their counterparts in the Kahler setting. However, the generalised formulations 
often keep the same spirit, up to the extra terms, as the original forms. 

Let (A, w) be a n-dimensional compact Hermitian manifold. The class of w- 
plurisubharmonic (w-psh) function is defined in the same way as on the Kaher 
manifold. A function m : A —>■ [—oo,-|-oo[ is w-psh if it is upper semi-continuous, 
u G L^(A, w”) and 

w -I- dd‘’u > 0. 

The set of all w-psh functions on A is denoted by PSH{u}). Bounded w-psh func¬ 
tions have most properties as in the case co is Kahler, though now w does not have a 
local potential. By using linear algebra we can define the Monge-Ampere operator 
for bounded w-psh function. Hence, the notion of capc^ and the Bedford-Taylor con¬ 
vergence theorem etc.... hold true. We refer the reader to |DP04| . |DK12| . |KN13) . 
[Dil4) for more basic properties of w-psh functions. 

Let us fix some notations that we will use throughout the note. The ” curvature” 
constant of the metric oj is denoted hy B = B{uj) > 0 and it satisfies 

(1.1) — Bu!^ < 2ndd'^uj < Boj^, —Bui^ < An^doj A d‘’uj < Buj^. 
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The positive constants C, C = C{X, w) > 0 will appear at many places, we simply 
call them to be uniform constants. Unless otherwise stated, they may differ from 
place to place. When the volume form w" is clear in the context we denote for 
r > 0, 

IMIoo = sup|.|. 

We often write •= uj d(P^p for ip € PSHiuj) and L’'(w") := L'"{X, w”). 

The Chern - Levine - Nirenberg type inequality with w being a Hermitian metric 
is as follows. 


Proposition 1.1 (CLN inequality). Let ipfP G PSHioj) he such that sup^ ■i/j = 0 
and 0 < < 1. Then, we have 

f \i^K<c 

Jx 

with a uniform constant C > 0. 

Remark 1.2. It also holds |DK121 Proposition 2.3] that for every pi,...,pri G 
PSH{uj) and 0 < pi ,..., pn < 1, 

I ^ipi ^ ^ ^iPn — ^ 

JX 

where C > 0 is a uniform constant. We also call those CLN inequalities. If we 
take Pi = ... = pn = p € PSH{uj), then CLN inequality shows that the notion of 
capacity [BT82llKol05| for a Hermitian metric w on X makes sense. Let E C X he 
a Borel set, following [KolOSl |DK12| we denote 

(1.2) captj(U) := sup |y {uj + dd‘^p)^ : p G PSH{uj), 0 < p < 1 

We refer the reader to |DK12| . |Dil4| for basic properties of this capacity. One 
should keep in mind that because of the positivity of ui this capacity is comparable 
with the local Bedford-Taylor capacity cap'^{E) [Kol051 p. 52] (see also [CZ05I 
Proposition 3.10]). 


Proof of Proposition 11.11 It is similar to the case of p = 0 |DKI2[ Proposition 2.1]. 
Let {Bj{s)}j^j be a finite covering of X, where Bj{s) = B(xj, s) is the ball centered 
at Xj of radius s > 0. We may choose s > 0 small enough such that for every j G J 
there exists a smooth negative function pj on Bj (3s) satisfying 

uj < dd'^pj on Bj{2s). 


Thus, on Bj{2s), 

w" < [dd^'ipj+p)]^. 

Then 

where Uj = Pj + p,^f + pj belong to PSH{Bj{2s)). Now, we are going to estimate 
from above for each term on the right hand side. By the L^— CLN inequality [DeOQl 
Chap. 3, Pro. 3.II] we have 




Ifj + Pj\{dd^Uj)^ < C(s)||uj||2oo(b.(2«)) 



IV-TPilw". 
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Since 0 < v? < 1 and pj is bounded on Bj{2s), it follows that 

/ 1^ + Pj\{dd‘'uj)'^ < C'{s) [ f \^\u}^ + ||Pj||l->(s,( 2 s)) [ , 

\JX JX / 

where C"(s) is independent of il). By |DK121 Proposition 2.1] the right hand side is 
uniformly bounded. Finally, since J is a finite set, the proof follows. □ 

Thanks to the existence of continuous solutions to the complex Monge-Ampere 
equation with the right hand side in p > 1, we get the following the 

L^-uniform bound. It seems that we may get the similar statement as in [GZ05I 
Proposition 2.7], but the form given below is sufficient for our applications. 

Corollary 1.3. Let 0 < F € LP{u!'^), p > 1, be such that Fuj"^ > 0. Then, there 
exists a uniform constant C = C{X,uj, jlFlIp) > 0 such that for any if G PSH(lo) 
with supjf if = 0, 


[ \if\Fuj^ < C. 
Jx 


lx 

Proof. Using |KN13[ Theorem 0.1], we solve u G PSH{uj)riC{X), sup^ u = 0, and 
c > 0 satisfying 

(LC + dFur = cFuj^. 

Moreover, by |KN13[ Lemma 5.9] there exists cq = C'(||F]|p,a;,X) > 0 such that 

(1.3) Co < c < —. 

Co 

According [KN131 Corollary 5.6], there exists FI = H{cq, ]|F||p, A,a;) > 0 such that 

—H < u < 0. 

Therefore, it is not difficult to see the corollary follows from Proposition 11.11 with 
the constant C > 0 also depending on H. □ 

The next result will be a version of the Cauchy-Schwarz inequality on compact 
Hermitian manifolds. It has been useful in [TWlOb] . The statement is similar to 
the classical one, however there appears a uniform constant to compensate for the 
torsion of uj. 

Proposition 1.4 (Cauchy-Schwarz inequality). Let T be a positive current of 
bideqree in — 2,n — 2) of the form a;„, A A ... A where vi, ...,Vn-2 S 

PSH{uj)nL°°{X). Then, for any u G PSH{uj) H L°°{X), 


du A d‘^u} A T 


< C 


du A d‘^u Auj AT 


a;2 at 


’X 


where 0 < C = C(X,u)) is a uniform constant. 


Proof. By partition of unity (a finite covering), it is enough to show that for the 
unit ball U C C" we have 


du A d’^uj A T 


< C 


du A d’^u Auj AT 


AT 


Hence, the proof is local. We can write 

io = i ajk{z)dzj A dzk on U 

j,k 
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where ajk{z) € C°°{U). Hence, 

du! = i dttjk (z) /\ dzj A dzk , d'^uj = i d‘^ajk (z) A dzj A dzk ■ 
j,k j,k 

The polarisation of dzj A dzk has the form 

Adzj A dzk = d{zj + Zk) A d{zj + Zk) — d{zj — Zk) A d{zj — Zk) 

+ id{zj + izk) A d{zj + izk) — id{zj — izk) A d{zj — izk), 
:= ? 7 i A 771 - 772 A ^2 + im A 773 - 7774 A 774. 


It follows that 


/ du A d’^Ujk A idzj A dzk AT < / du A d'^ajk A irjm Arjm AT 

->u m=i JU 

Now we can use the classical Cauchy-Schwarz inequality (see e.g. |Kol05[ Schwarz’s 
inequality p.7]) to each term of the right hand side. Let us denote by rj one of the 
forms: 771 , 772 , 773 , 774 . Then, 


du Ad‘^ajk Air] Arj AT — yj du A d^u Air] A rj AT j x 

X dujk A d’^Qjk Air] A fj AT 

Observe that 0 < 777 A 77 < Cco and 0 < dajk A d'^ajk A 77 A 77 < on U for some 
uniform C > 0. Hence, 

du A d^u Air]AfiAT<C du A d'^u Auj AT 
JU Ju 

/ dujk A d^Ujk Air] Af] AT < C / uP AT. 

Ju Ju 


and 


Altogether we get that 

du A d‘^ajk A idzj A dzk A T 
7 

Thus, the lemma follows. 


< C [ j du A dJu Auj AT 

< C i j du A d^u Auj AT 


AT 


AT 


'X 


□ 


If duj = 0, then by the Stokes theorem, for any p € PSH{uj) fl L°°{X), 

(1.4) 

This will be no longer true for a general Hermitian metric w and the counter¬ 
example can be easily found. In fact, for compact complex surfaces, i.e n = 2, the 
inequality dm holds if and only if = 0 (i.e. w is a Gauduchon metric) by 
Lemma 14.61 

From the potential theoretic point of view it is often important to get bounds for 
the total mass of Monge-Ampere operators or the Monge-Ampere energy of w-psh 
functions. Below we will consider estimates of those kinds. As we will see they 
are more useful when the ’’curvature”constant of the considered metric is small. 
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For example, the metric j5 + euj, where 0 < e << 1 and /3 is a smooth closed 
semi-positive (l,l)-form. 

Let n be another Hermitian metric on X such that < Cw for some uniform 
C > 0. Suppose that there exists 0 < Bq, < 1 satisfying 

(1.5) - Bnoj^ < 2nd(fn < , -Bquj^ < An^dn A < Bquj^. 

Then, the total mass of the Monge-Ampere operator of a bounded fl-psh function 
is the total mass of modulo the uniform norm of that function multiplied the 
curvature constant. 


Proposition 1.5. Suppose that the Hermitian metric Q satisfies USD. Let u £ 
PSH{Lt) n L°°{X) be such that supx u = 0. Then, 

f fl”-Bn(l + ||M||oo)”C'< f {n + dd^ur< [ L!" + Bn(l + ||u||oo)”C', 

Jx Jx Jx 

where C > Q is a uniform constant. 

Proof. The proof is only a simple application of the Stokes theorem and induction 
process, so we only sketch it. To simplify notation we write Liu ■= Ll + dd‘^u. Now, 
we compute 

dd^^inl A = idd^^n A n^uf^ a 

+ i{i - i)dn A d‘^n A a 
+ i{n-i- i)dn A d‘=n A n^uf^ a 

+ {n-l- l)dd‘=n ALl^A 
+ l{n-l- l)dn A d‘=n A Lllff^ A 
+ {n-l- l)(n - I - 2)dn A d'^Ll ALl^A 

where 0 < Z < n — 1. Recall from that 0 < Bfi < 1 and the metric LI satisfies 
—Bqu!^ < 2ndd‘^Ll < Bquj^, —Bquj^ < An'^dLl A d'^Lt < Bquj^. 


It follows that there exists Cn > 0 depending only on dimension such that 
(1.6) - BaT{u,uj,Ll,l) < dd‘^[Lll ALl^-^-^] < BqT{u,uj,LI,1), 


where 


T[u, w, Ll, 1) 


0? A Ll^-^ A -t A Ll^ff'^ A ' 

-f A Ll‘~^ A LT"~^~‘^ -b A A Lr~'-~‘^ 
+ uj^ A Ll^-^ A +uj^ ALI^ A LT-^-^ 


with the convention that fl* = fl), = 1 for Z < 0. The proof goes by induction. First 
we write 


Lr.= 


LT 


dd^^u A Ll 


n—1 


dd‘^u A (n -b dd'^u) 


ic^,\n—1 


IX 


lx 


lx 


By Stokes’ theorem we have, for 0 < Z < n — 1, 


[ dd^uALl^ALT-'-^ = f udd‘^[LllALl^-'^-^] 

Jx Jx 
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Therefore, by m and u < 0, 

p p p ^—2 

K< n^ + Bn\\u\\oo 

X X X I n 


Similarly, 


;=o 


n-2 


[ ni> f /" 

^ X 'J X J X ^ _Q 


Observe that the highest power of in each term of T{u,u!,il,l) is less than 
n — 1, i.e. this power decreased by 1 after applying the Stokes theorem. Thus, it 
is by the induction hypothesis and the Stokes theorem that we can justify that for 
0 < I < n — 2 


[ T(u,a;,O,0 < (l + llulUr-'C. 

Jx 


and thus the proposition follows. 


□ 


The next result is the comparison of the Monge-Ampere energy of O-psh func¬ 
tions. If O is Kahler, i.e. i?n = 0, it is named as the fundamental inequality in 
|OZ071 Lemma 2.3]. 


Proposition 1.6. Suppose that = (3 + euj with (3 being a closed semi-positive 
(1, l)-form and 0 < £ < 1. Let u,v € PSH{Ll) n L°°(X) be such that u < v < —1. 
Then, 


[ {-v){n + dd%)'^ < 2^ [ {-u){Ll + dd‘=ur + BqW 
Jx Jx 


uC\\vro.c, 


where Bq = sB is the constant in (113. 


To prove this proposition we need a Cauchy-Schwarz type inequality for the 
metric il, which is an immediate consequence of Proposition [lAl 


Lemma 1.7. Let T be a positive current of bidegree (n — 2,n — 2) of the form 
A ujv 2 A ... A where vi ,..., Vn -2 G PSH{uj) n L°°{X). Let Ll •= j3 -\- euj, 

where (3 is a semi-positive (l,l)-form and 0 < £ < 1. There exists a uniform 
constant 0 < C (independent of e) such that for any u € PSH{Ll) n L°°{X) 


du A #12 A T 


lx 


<BaC 


du A #u Aoj AT + w^AT 


’X 


lx 


where Bq = eB is the constant satisfying dUD. 


Proof. We only need to observe that 

#12 = £#a; 

and i? > 0 is a fixed uniform constant. Then, a simple application of Proposition ll.dl 
will give us the desired inequality. □ 

We are going to prove Proposition [T^ 


Proof. Since 1 < —v < —u, we can replace —v by —u right away, then use the 
Stokes theorem to interchange roles of u and v in the integral and so on. This is 
how it was done for compact Kahler manifolds. However, w now is not closed, each 
time one applies the Stokes theorem some extra terms appear. The Cauchy-Schwarz 
type inequality and Proposition 11.51 are used to estimate these terms. 
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(1.7) 


( 1 . 8 ) 


We write !]„ = H + dd'^v. Then 


[ -uQy A 11”-^ = [ -un^ + [ -udd% A 11"- 

Jx Jx Jx 

First, we are going to show that 

[ -u^r < [ -m 11„ Aii"-U 
Jx Jx 

+ Bn\\u\\l,Cr^ [ (a;2 A r!"-2 + A r!"-3) 

Jx 

and 

f -udd^^v < f -nll„All"-U 

(1.9) 

+ Bn\\u\\l,\\v\\o.C [ (^2 + ^3 ^n-3 ^ ^4 ^n-4y 

Jx 


in —1 


To prove m , we write 

f -uH" = [ -uflu A 11"-1 + [ udd^u A H 
Jx Jx Jx 

By Stokes’ theorem 

'' -MddSAll"-^= [ duAd'MAH"-^ + (n-1) [ itdu A A 
Jx Jx 


,-2 


Jx 


Again, 


2 


-)n—3 


2 [ uduA d'^Vt A = [ d{-uf A A 
Jx Jx 

= [ -{-ufdd^nAn^-^-{n-2) [ {-ufdn A d‘=n A 
Jx Jx 

> -Bnllull^ f [co^ A ll"-2 + ^3 ll"-3] . 

Jx 

So, as du A d^u A > 0, we get that 

f -udd^u A Bn ||n||L [ A ll"-^ + (n - 2)a;3 A . 

Jx 2 Jx 

Thus, (11.81) is established. 

We continue to prove dm). By the Stokes theorem 


~\n— 1 


-\n — 2 


-\n—3 


( —udd'^v A SI" ^ = f —vdd'^u A SI" 

Jx Jx 

— 2{n — 1) / vdu A d^fl A SI" 

Jx 

+ (n — l)(n — 2) / —uudSl A d"Sl A SI" 

Jx 

We proceed to estimate the right hand side of (|1.10l) . The first term is bounded as 

3WS. 

[ -vdd^u A Sl"-i < [ -uQu A SI" 

Jx Jx 


( 1 . 10 ) 


follows. 

( 1 . 11 ) 


— 1 
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The last term, according to (I1.5L satisfies 

(1.12) (n—l)(n —2) / —nitdO A A 11”“^ < i?n||M||oo||'c||oo [ A 

Jx Jx 

For the second term, we apply Lemma ITTtI to T = —then we get 

—vdu A (fu Alo A 11"“^+\ 


n—3 


(1.13) / -vd^uAdnAn^-^<BnC 

Jx 


Jx 

+ [ -vuj^Afl^-^ 

Jx 




where C > 0 depends only on X,uj. It follows that the right hand side of ()1.13l) is 
bounded by 

(1.14) Bn\\v\\^c(^J duAd^uAuAn^-^+J A . 

Moreover, since 2du A d^u = dd'^{—u)'^ — 2udd'^u, we have 

f duA dJ^u Aw A 11"“^ = f dd‘^{—u)^ Aw A ~^ [ uddJ^u Aw A 11"“^ 

Jx Jx Jx 

= [ {-ufdd^[wAn^-^]+2 [ i-u)n^Aw AQ^-^ 

Jx Jx 

-2 [ (-u)fl A w A 
Jx 

where in the second equality we used the Stokes theorem. From this, it is clear that 

[ duAd‘=uAwAn^-^ <\\u\\l^C [ (w^ A A A fl""^). 

Jx Jx 

Combining this and (I1.14L then (I1.13L we obtain 
/ vd'^u A dfl A < 


(1.15) 


lx 


< Bn\\u\\l,\\v\\^C [ {w^ A +w^A +w^A 

Jx 

Then, (11.91) follows from (ll.llL (11.121) and (ll.lSp . 

According to (11.71) . (11.81) and (HU, we have 

f i-v)n^ A L!"-1 < 2 f i-u)nu A + Bn\\u\\UHooC. 

Jx Jx 

Because 

dflv = dfl, d'^Vlv = 

we may replace 17 by 17^, in all argument above. Then, we get 

(1-16) / {-vWv < 2 / {-u)nu A f7ri + Bn\\u\\l\\v\\l,C, 

Jx Jx 

where the constant > 0, by Proposition 11.51 is the upper bound for 

f (w" A 170-2 + ^3170-3 + ^4 ^ f7((-4) 

Jx 
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instead ofA fi" ^+a;^Ar2” ^+a;^Ar2"’ on the right hand side of (jl.l5|) . 
Similarly, we show by induction (0 < Bn < 1 and u,v < —1) that 

J X Jx 

Thus, we have seen in (11.161) that one term 11^ is replaced by We continue 
replacing 11"“^ by Vtu A 11"“^ and so on. Finally, 


{-v){n + dd%T <2^^ / i-u)in + dd^ur + Bn\\ufM2oC. 


IX 


lx 


Thus, the proof is finished. 


□ 


On a general compact Hermitian manifold X there may not exist a smooth 
closed semi-positive (1,1) form j3 such that /3" > 0 and there are also non- 
Kahler manifolds possessing such forms (see e.g. |Chil31 Example 1.8, 1.5]). If 
such a form exists, then the notion capp makes sense and more importantly the 
volume-capacity inequality f |Kol98l [KolOSj . [EGZ09| . |DePal0p still holds. 

Proposition 1.8. [DePalOl Lemma 2.9] Let {X^uj) he a n-dimensional compact 
Hermitian manifold. Assume that ft is a smooth closed semi-positive (1, l)-form on 
X satisfying /3" > 0. We define for any Borel set E <Z X, 

cap,g(E) = sup Iy {j3ddf V & PSH{X, P), 0<u<l 

where PSH (X, /3) is the set of all P-psh functions on X. Then, there exists uniform 
constant a,C > 0 such that 


VoL{E) 



We end this section with the mixed type inequality in the Hermitian setting. We 
refer the reader to |Di09] for the most general form of this kind of inequality. 


Lemma 1.9. Let 0 < f,g G L^(a;”) and u,v G PSHioj) n L°°{X). Suppose that 
w" > /w" and uj^ > goj^ on X. Then for k = 0, ..., n 

on X. 


In particular, for 0 < i5 < 1, 


^5u+(l-S)v ^ 


Sf^ +{1-S)g- 


on X. 


Proof. This is a local problem. The proof is a consequence of the solvability of the 
Dirichlet problem and the stability estimates for solutions to the Monge-Ampere 
equation in a ball in C". Notice that the background form in the equation is the 
Hermitian form uj. The results in [KN131 Section 4] are enough for the proof as in 
[KolOSl Lemma 6.2]. □ 
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2. The complex Monge-Ampere type equations 

Let (A, w) be a n-dimensional compact Hermitian manifold. In this section, we 
are going to study the weak solutions to the equation 

(pePSH{uj)nL°^(X), 

(2 11 

^ ^ (w + dPip)^ = A > 0, 

where 0 < / G p > 1. 

The continuous solutions to the equation (EH) for A = 0 were recently obtained 
in [KN13) and we will use the results in [KN13) to study the case A > 0. The 
difference is that we get not only the existence but also the uniqueness of the 
continuous solution. 

When A > 0, after a rescaling, we only need to consider A = 1, i.e. the equation 

(2.2) (w + ddV)” = 

where p G PSH{uj) fl L°°{X) and 0 < / G LP(w"’), p > 1. 

When / > 0 and / is smooth Cherrier |Ch87j proved that there exists unique 
smooth solution. Our result can be considered as an extension of his result for 
non-negative right hand side in L'p{uj'^), p > 1. 

Theorem 2.1. Let 0 < / G LP{uj^), p > 1, be such that /w" > 0, then the 
equation (1^ has a unique continuous solution. 

Remark 2.2. The assumption fto'^ > 0 is also necessary to guarantee the exis¬ 
tence of a bounded solution to the equation (see |KN13[ Remark 5.7]). 

The uniqueness is just a consequence of the following statement. 

Lemma 2.3. Suppose that p, i/l G PSH{uj) fl L°°{X) satisfy 

(uj + (w -k d#V’)” = 

with 0 < /,5 G L^(w"), p > 1. If f < g, then ip < ip. In particular, there is at 
most one function p G PSH{bj) O C{X) such that 

(uj + 

Proof. We argue by contradiction. Suppose that {ip > p} is non-empty. Then, 
m = infx(p — Ip) <0. Fix 0 < e << 1 to be determined later, and denote by 
m(e) = infx[p — (1 — £)ip]- It is clear that 

m - ellV'lloo < rn{e) <m + elli/llloo- 
Hence, on U (e, s) := {<p < (1 — e)ip + m{e) -I- s} we have 

(2.3) > (1 - £)'^e^guj'^ > (1 - 

The modified comparison principle [KN131 Theorem 0.2] reads for 0 < s < eo = 

16 S ’ 

/ ^ 

where C > 0 is a uniform constant. According to (12.31) we get 

(l-£)"e-’"-2'^ll’^ll“-" / < (1-k ^) / e^/w". 

Ju{e,s) ^ Ju{e,s) 


^ (1 + Tt) 
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Note that for every 0 < s < eo 

[ e^/w" = f uj;>0. 

Ju{e,s) J {ip<{l — e)'ip+m{e)-\-s} 

Since m < 0, we may choose 0 < e so small that 

(1 >1 + 6 

for some 6 = b{m, e) > 0. Thus, we get for every 0 < s < min{eo, —^} that 

. Cs 
0 < 6 < —. 
e" 

It is impossible when s > 0 is small enough. Thus, the proof follows. 


□ 


By examining the above proof, it is quite easy to get the following useful fact 
which is obvious in the Kahler case {duj = 0). 

Corollary 2.4. Ifu,v S PSH{uj) r\L°°{X) satisfy 
for some c > 0 , then c > 1 . 

Before proving the existence of a continuous solution we first give an a priori 
estimate. This estimate will frequently be used in the sequel. 


Proposition 2.5. Let (X^uj) be a n-dimensional compact Hermitian manifold. 
Let G G C°°{X) he the (Gauduchon) function such that e^u)'^~^ is dd‘^-closed. Let 
0 < <7 G LP{u!), p > 1, be such that gui"' > 0. Let us denote 

ao = f e^uj"', A = / g^e^uj'^ > 0. 

Jx Jx 

Consider Cg > 0 and u G PSH{uj) r]G{X) solving 
(2.4) (w + dd‘^u)'^ = Cg guj"^ 

(see IKNISI Theorem O.ll and (11.311 in Section\^. Suppose that v G PSH{uj) ("1 
L^{X) satisfies 

{u; + dd‘^vr =e^guj'^. 


Then, 

C^Q 

\ogCg < supn < C{\\g\\p,A,X,u}) + n\og—, 

X A 

where 

C{\\g\\p,A,X,u})= j |u-supi;| ^ ^ ^ . 

Jx X A 

Proof. Put M = supx V and vg = v—M. By the mixed type inequality ('Lemma |1.9ll 

LOy A > e^g^Lu^. 

Therefore, 

ujy A > e^g^e^uj^. 

By the Gauduchon condition it follows that 
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The Jensen inequality gives that 

(2.6) log 


e" 5 "6*^0;" I > 


'X 


— G n 
V g^e tjO 


lx n 


A 


Combining (12.51) and (12.61) and v = vg + M we get 


n log ^ > M + 


Vo 




Jx ^ 

Hence, we get the second inequality of Proposition [531 It remains to prove the first 
one. According to (12.41) and v = vg + M we get that 


,n _ c’'0+Af n 




Therefore, the first inequality follows from Corollary 12.41 


□ 


We are in the position to prove existence of continuous solution to Monge-Ampere 
equation with the right hand side in p > 1. 


Proof of Theoreni A2.1[ Suppose that the sequence of smooth functions fj > 0, 
j > 1, converges in to / as j —>■ +oo. By a theorem of Cherrier |Ch871 

Theorem 1, p.373], there exists a unique (pj G PSH{oj) (H C°°{X) such that 

(w + ddVj)" = 

Let us denote 

Mj = suppj, and tpj = pj — Mj < 0. 

Then, the above equation can be rewritten as follows. 

(2.7) (w + 


Claim 2.6. Mj is uniformly bounded. 


Proof of Claim [531 It’s a consequence of Proposition 12.51 and Corollarv ll.3l Let us 
define 

Aj = [ ffe^uj^, ao= [ 

Jx Jx 

Applying the second inequality in Proposition 12.51 one gets that 

(2.8) Mj < C(||/j||p,Aj,X,w)+ nlog^ 

^3 


Thus, it is sufficient to show that 

for some uniform constant C > 0 independent of j > 1. Indeed, it is clear that 


Aj ^ > 0 

Jx 

as j —>■ + 00 . Hence, Aj is uniformly bounded from below away from 0. Next, by 
the Holder inequality we get that 
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Therefore, for j large, 

^ < Aj < fjC^uj' 

We have obtained the upper bound part. It remains to show Mj is uniformly 
bounded from below. We solve Uj G PSH{oj) f^C{X) 

(w + dd^^Uj)" = CjfjUj'^, 

where Cj > cq := co{\\fj\\p,X,u}) > 0 (see (jl.3l) in Corollary 1 1.3|) . The first inequal¬ 
ity in Proposition 12.51 gives 

log Co < logCj < Mj. 

The claim is proven. □ 

Claim 12.61 implies that the right hand side of is uniformly bounded in 

LP{uj^). Since the family {ipj} is compact in after passing to a subsequence, 

we may assume that it is a Cauchy sequence in and suppose that 

converges to . [KN131 Corollary 5.10] shows that it is actually a Cauchy sequence 
in C'(X). Thus, tpj converges uniformly to ^ G PSH{u})r\C{X), sup^ V’ = 0- Hence 
ip = ip + M solves 

(2.9) (w -b dd»” = e‘^/w”. 

Thus, we have finished the proof of existence. □ 

For A = 0 a smooth (or continuous) solution exists after multiplication of the 
right hand side by a suitable constant [TWlObl Corollary 1], [KN131 Theorem 0.1]. 
When A > 0 the difference is that the adjustive constant c > 0 does not appear 
on the right hand side. Our next result shows how this constant can be computed 
using Theorem 12.II 

Corollary 2.7. Let 0 < / G LP{uj^), p > 1 be such that /w" > 0. Let c > 0 
and if G PSH{uj) O C{X) solve 

(2.10) (w-bddV)” =c/a;”. 

Let ifs G PSH{ui) n C{X), 0 < e < 1, he the unique solution to 

( 2 . 11 ) {u + dd^PeT = e^P-fu}^. 

Then, for any fixed x € X, 

c = lim = lim 

£ —^0 £ —^0 

where Mg = sup^ Pe ■ 

Remark 2.8. In the case oj is Kahler, under the necessary condition for the solution 
of the equation (12.1011 



we are able to show that 

0 < Mg <C. 

Therefore, c = lim£_>.o = 1. 
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Proof of Corollary \2.7\ Put = sup^^ tpe and tp^ = ip^ — Mg. The equation (12.1111 
is now rewritten as 

(2.12) (w + 

Again by Proposition 12.51 we get 

eMg < eC + n log ^ < C, 

where oq = Jx A = > 0 and 0 < e < 1. Then, it follows from 

(I2T^ that 

By [KN131 Corollary 5.6] there exists a uniform constant H = i7(||/||ip(,jn), w) > 0 
such that 

(2.13) -H <f;, = p,-M,<0. 

Note that, by Corollary 12.41 we also have 

(2.14) > c. 

The right hand side of (I2.12p is uniformly bounded in L^’(a;”), and we may suppose 
that {ipe} is a Cauchy sequence in L^(a;"). |KN13[ Corollary 5.10] implies that it 
is actually a Cauchy sequence in C{X). Let us denote by ip the limit point, and 
suppose that M. Taking limits of two sides we get that 

(2.15) (w + 

It follows from Corollary 12.41 and equations (12.101) . (I2.15P that 

c = e“ = lim 
€—^0 

Moreover, this equality and (I2.13P imply, for any fixed x € X, 

lim = c. 

s —^0 

Thus, the proposition follows. □ 


3. Degenerate complex Monge-Ampere equations 

Let (X, uj) be a n-dimensional compact Hermitian manifold. Suppose that there 
is a smooth closed semi-positive (1, l)-form pi on X satisfying 

(3.1) f /3" > 0, normalized by f pi'^ = 1. 

Jx Jx 

Our goal is to extend the results in |EGZ091 lEGZllj to compact Hermitian man¬ 
ifolds which a priori do not belong to the Fujiki class. On the other hand, if the 
conjecture of Demailly and Paun |DP04[ Conjecture 0.8] holds, then our results are 
just the consequence of those in |EGZ09[fEGZllj . We refer the reader to the survey 
[PSS12j for the state-of-the-art of results on the complex Monge-Ampere equations 
on Kahler manifolds, in which many geometric problems and motivations to study 
the weak solutions are discussed. 

We are interested in finding weak solutions to the following equations 
(/3 -b A > 0 
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where 0 < / G LP{uj'^), p > 1 and the function p belongs to 

PSH{j3) := {u € K U —oo) : /? + dd^^u > 0 and u is u.s.c}. 

If a function belongs to PSH{P) then we call it a /3-psh function. We refer to 
[GZOSl IGZ071IEGZ091 lEGZll) for properties of /3-psh functions. 

Our first result in this section deals with the case A = 1 or equivalently A > 0 
(up to a rescaling). 

Theorem 3.1. Let 0 < / G LP{uj^), p > 1, be such that fuj'^ > 0 Then, there 
exists a unique function (p G PSH(I3) 0 C{X) satisfying 

(/3 + ddV)” = 

in the weak sense of currents. 

Then, using this theorem we get the following result which includes Corollarv lO.41 


Theorem 3.2. Let 0 < / G LP{uj'^), p > I, be such that fuj'^ > 0. Let us denote 
by ifg G PSH{p)r\C{X), 0 < e < 1, the unique continuous solution to the equation 

(3.2) (/3 + dd>e)’^ = e^^Vw”- 

Then, for any fixed x G X, 

/y/3” 


(3.3) 




Ixf^" 


as e 


0 . 


Moreover, as e ^ Q, pe — supj^ pe converges uniformly to the unique continuous 
If G PSH(l3), supx T = 0, satisfying the equation 

(/3 + ddV)” = c/a;” 

in the weak sense of currents. 


Remark 3.3. The uniqueness in Theorems 13.11 and 13.21 (continuous or bounded 
solutions) is well-known. In fact, once we have the volume-capacity inequality 
fProDOsition ll.SI) it can be obtained by adapting the stability estimate of Kolodziej 
|Kol031 IKolOS) to this setting as it was done by Dinew and Zhang [DiZhlOl Corol¬ 
lary 1.2]. One special feature of those equations is that we do have the classical 
comparison principle for /3-psh functions and the invariance of volume of their 
Monge-Ampere measures, i.e. /3" = /S" for all u G PSH{/3) O L°°{X). 

Remark 3.4. If X possesses a Kahler metric or it is in the Fujiki class, then two 
theorems above are due to Eyssidieux-Guedj-Zeriahi [EGZ091 lEGZll) who have 
generalised Kolodziej’s results |Kol98[ lKol03] to the degenerate left hand side. In 
the course of the proof of the theorems we follow the approach outlined in |EGZ091 
lEGZllj . The main difference is that while on Kahler manifolds one can choose a 
sequence of Kahler metrics which tend to the degenerate metric /3, it is no longer 
the case on compact Hermitian manifolds. We have to approximate the degenerate 
metric /3 > 0 by a sequence of Hermitian metrics, such as {/3 -I- ew}e>o. In this case 
we have to deal with the torsion of uj. The new tools are the recent results [KN13] 
which will help us carrying out the arguments. We shall see that the modified 
comparison principle [KN131 Theorem 0.2] appears at almost every step. 

First we will prove Theorem 13.21 assuming Theorem 13.11 The proof will make 
use of the stability estimate of L°° — L’", r > 1, of solutions |Kot031 Theorem 4.5], 
[EGZ091 Proposition 3.3] provided the right hand sides are in LP{uj'^), p> \. 
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Proof of Theorem \S.‘A Let us denote := sup^ and ife ;= ipe — Mg. The 
equation (13.2|) is then rewritten as 

(3.4) (/3 + 

Put A := /w” > 0, and recall that we have normalised jx ~ Therefore, 

by the Stokes theorem 


1 = / {j3^dd^f),Y= f 

JX Jx 


lx Jx 

An application of the Jensen inequality gives 


(3.5) 


/a;" 


log4> [ {efis + eMs)^^ = eMs+ [ 

A Jx A Jx A 


As /3 < Cuj for some C > 0 and sup;,;^ ipe = 0, it follows from Corollary 11.31 that 
there exists C = C(A, ||/||p, A, w) > 0 such that 

fLO^' 


[ A 

Jx A 

Therefore, the inequality (13. 5 1) implies that 


> -a 


1 


eMg < eC + log — < C' 

A- 

as 0 < e < 1. This inequality tells us that 

{P + dd^Ji,r <e^' fu:^. 

By the volume-capacity inequality (Proposition [O]) and |EGZ091 Theorem 2.1], 
after a simple application of Holder inequality, we get that 

(3.6) - < V'e < 0 

where H depends only on A, w,/3, ||/||p. Therefore, the right hand side of the 
equation (13. 4|) is uniformly bounded in L^, p > 1. It follows the proof of [EGZ091 
Proposition 3.3] or [EGZlll Corollary 3.4] that 

(3.7) Wipe - IpsWoo < C\\lpe - JlsWl 

where 0 < 7 < ')rnax = lmax{n,p) (explicit formula is given in [EGZn91 lEGZllj l. 
Since {V’e}o<E<i is compact in there exists a subsequence {i/’e,}, Sj \ 0 

as j —>■ -foo, which is Cauchy in L^(a;"). By (ITtI) this is also a Cauchy sequence 
in C'(A). Therefore, it converges to ip & PSH{P) ("I C'(A) with sn-px ip = 0- We 
may suppose that ejMj converges to M as j —>• -foo. Thus, by the Bedford-Taylor 
convergence theorem we have 

iP + dd^PY = e^/w” 

as Sjipe^ (x) —?■ 0 for every x € A (see (13.61) '). It is obvious that 

IxP" 


e^ = 


Ixf^" 


:= c is uniquely defined. 


Furthermore, there is at most one (p € PSH{p5) ("I C'(A) with sup^ = 0 solving 
the equation 

(/3 -f dd^pY = c/w". 

It implies that actually —>■ c, and tpe converges uniformly to ip = (p as 

e —>■ 0. □ 
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The hard part is to prove the existence of solution in Theorem 13.11 We follow 
the ideas in [EGZ09IlEGZll] . At the first step we show that the equation admits a 
solution in the finite self energy class, i.e. the class /3) (see below for the deh- 

nition). Once the first step is done then the second step is showing that this solution 
is bounded. It follows from the works of Kolodziej |Kol981 IKolOS) and Eyssidieux- 
Guedj-Zeriahi [EGZ09] . The last step is to show the solution is continuous. It is an 
immediate consequence of the viscosity approach due to Eyssidieux-Guedj-Zeriahi 
[EGZll) . Since the second and last step are well-known, we will not reproduce 
them here. We refer the reader to [KolOSl IEGZ091 lEGZllj for the details. Thus, 
we only focus on the proof of the first step. 

Following [GZ071IEGZ09) we say that a /3-psh function u belongs to £^{X,I3) if 
there exists a sequence Uj G PSH{j3) n L°°{X) satisfying 

Uj\u and sup / \uj\{P + dd‘^Uj)^ <+oo. 
j Jx 

We are in a position to state our main result in this section. 

Theorem 3.5. Let P be a smooth closed semi-positive (1, l)-form such that /3" = 
1. Let 0 < / G L'P{u}'^), p > 1, be such that fu)'^ > 0. Then, there exists a function 
If G T^(X,P) satisfying 

iP + dd‘^^Y = e^/w" 

in the weak sense of currents. 

The outline of the proof is as follows. We approximate the degenerate form P 
by a family of Hermitian metrics P £uj, 0 < e < 1. For each 0 < e < 1, by 
Theorem 12.11 there is a unique G PSH{P eu) fl C{X) such that 

(3.8) (^-f 

Our goal is to show {(/?e} decreases to a solution ip G £^{X,P). 

The next result shows why the sequence {pe} is decreasing as e 0. 

Lemma 3.6. Let uj,oj be two Hermitian metrics on X such that Cj < uj. Let 
pL be a positive Radon measure. Suppose that u G PSHlpo) n L°°{X) and v G 
PSH(u!) n L°°(X) satisfy 

(3.9) (w -I- dd^u)^ = e^pL, {Cj dd‘^v)^ = e'’p.. 

Then, v < u. 

The proof is similar to the one of Lemma 12.31 The difference now is the vari¬ 
ation of metrics on the left hand side. We include its proof here for the sake of 
completeness. 

Proof. We argue by contradiction. Assume that {v > u} is nonempty. Then, 
m = infx(M — n) < 0. Fix an 0 < e << 1 to be determined later, and we denote 
m(e) = infx[M — (1 — e)i^]- It is clear that 

m — £||u||oo < rn{£) < m £||u||oo- 

Let us denote 

Ue{s) = {u < (1 — £)v -b m(e) -|- s}. 
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Note that v € PSH{uj) as w < w. Applying the modified comparison principle 
from [KN13] we get that, for 0 < s < £o := i|b, 

(3.10) [ iuj + dd^{l-e)vr <[1 + ^] [ (w + dd"u)". 

JUeis) JUe{s) 

Since on {m < (1 — e)v + m{e) + s} 

(a; + ci#(l - e)vY > (1 - £)"eV > (1 - 


it follows that 


(l_e)"e-™-2dhlU-s / ^ 

Ju,is) 


Cs, 


Note that by (13.101) for every 0 < s < eo 

f e“^ = f (w + dd‘^u)^ > 0. 

JUe{s) JUeis) 

Since m < 0, we may choose 0 < e so small that 

>1 + 6 

for some 0 < 6 = b{m,e). Thus, we get for every 0 < s < min{£o, — ^} that 

. Cs 

0 < 6 < —. 

- 

It is impossible when s > 0 is small enough. Thus, the proof follows. 


□ 


We are ready to prove our theorem. 

Proof of Theorem \d.5[ Take {+e} to be the solutions from (13. Sp . We are going to 
show that 

(3.11) \ + e PSH{P) as £ \ 0 
and 

(3.12) sup f + £ 0 ; + dc?‘^(/ 5 e)"'<+ 00 . 

0 <e<l Jx 

Let us start with the first property (13.111) . Applying Lemma 15^ to jd + eu and 
/3 + e'oj, 0 <£<£', we get that the sequence tpe is decreasing as £ \ 0. Hence, we 
can put 

+ := lim+E. 

E —^0 

To verify that tp G PSH{j3), it is enough to show that the sequence pe does not 
decrease identically to — oo. More precisely, we will prove that 

(3.13) [ i > 0 

Jx 2 Jx 

for £ > 0 small enough. In fact, set Mg = sup;!^ tpe, and tpe = pe — Then, the 
equation (13.81) reads 

(3.14) {P + eu} + dd‘^'ifeT = e^-+^-fuj^. 

The following estimate is the most crucial step where the results of [KN13| play 
an important role. 
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Lemma 3.7. For 0 < £ < 1 

II^eIIoo < c 

where C > Q is a uniform constant. In particular, for each positive integer k, 

limellV'ellL = 0- 
£—>■0 

Proof of Lemma In order to use the a priori estimate in [KN13) one needs to 
know that (/3 + ew + is well dominated by the capacity capp+eu- 

Claim 3.8. is uniformly bounded from above. 

Proof of Claim \3.8\ It follows from Proposition 12.51 with an observation that the 
reference metric /3 + £w, 0 < e < 1, is dominated by Cut for some C > 0. Therefore, 

0 < ao(£) := [ (/3 + soj) A < Cao, 

Jx 

a uniform constant. Another constant is 

A := f /"e‘^CLi”>0 as f /w" > 0. 

Jx Jx 

Since 0 < /3 + ew < Cuj, we have V'e G PSH{Coj). As sup^^ V'e = Oj it follows from 
Corollary 11.31 that 

(3.15) [ mPe^LO^<[ mf^e^[Cu:r <C' 

Jx Jx 

with a uniform constant C > 0. Proposition 12.51 and (I3.15|) give that 

(3.16) Mg <C' + n log c' + n log . 

The claim follows. □ 


We proceed to finish the proof of Lemma 13.71 By Claim 13.81 and the equation 
(13.141) we get that, for a uniform constant C > 0, 

(3.17) (/3 + £w + dd"V^,)” = e^-+^-fw'^ < e<='/w”. 

Here, by the volume-capacity inequality fProposition ll.81) and by capp{E) < capp+euiiE), 
we get, after using the Holder inequality, that for any Borel set E’ C X, 


< C exp — - 




(3.18) f fLo- < C||/||pexp-J- < C' 

Je y cap^ (A) j 

where a = a{X,uj, j3,p) > 0 and C" > 0 depends only on X,uj, ||/||p. Let us use the 
notation 

Ps '■= fJ + ew and N[j3^) := sup |p| /3" : p G PSH{j3^) and supp = o| . 

It follows from (I3.17p and (13.1811 that 


(3.19) 


(/3e + dd"^e)" <C"exp-r 
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Since /3 is closed and /3 > 0, the reference Hermitian metric Pe satisfies 
(3.20) 


--{Pef <2ndd-p,<-{Pef, 
s e 

[Pef < 4n^ dPe A d^'Pe < — {Pef ■ 
£ £ 


Thus, the ’’curvature” constant for \s = ^. 

We wish to apply the a priori estimate from the proof of [KN131 Corollary 5.6] 
to the Hermitian metric Pe- Because oi ^ the crucial change is the range of 
the considered sublevel sets which are close to the minimum of The value s > 0 
there now can be taken 


0 < s < — min 
“ 3 


1 


1 


384H 


^ 2 ’" ’ 23 IQBe 

for e > 0 small enough. 

By (13.191) the Monge-Ampere measure {pe + dd'^ipe)'^ satisfies the inequality (5.2) 
in [KN13| for the admissible function 

h{s) = C'e“'’ for a, C > 0 independent of e. 

Therefore, the formula in the proof of [KN131 Corollary 5.6] gives 

CN{P,) 


(3.21) 

where we choose 

(3.22) 


IIV’6 




^(so) 


So = 


384H 


> 


(for sufficiently small £ > 0) and h{s) is the inverse function of 


k(s-”)4C'„ 


[h{s)Y 


dx 


■[h{x)]' 


The next step is to estimate the right hand side of (13.211) from above. By compu¬ 
tation we get that 

k{x) < C'exp(—ax“") 

where C, a > 0 are uniform constants. As k is an increasing function, its inverse 
function satisfies 


Hx) > ( i log — 


(3.23) 

\a X 

Since sup^^ p = 0 and p £ PSH{Cuj), Corollary 11.31 gives 


/ \p\{P + eu:r< f \p\[Cur<C'. 
Jx Jx 


Therefore, 


(3.24) N{P,) < C. 

Plugging So = into the right hand side of (I3.21|) . then using (13.231) and (I3.24L 
we get that 

Ue\\L^<e^ + c(llogC-^^) <4(-loge)" 

\a a J 

for e > 0 small. Thus, Lemma IHTTI follows. □ 
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We are in the position to prove (|3.13p . Put V, = /3 + ew, then it’s easy to see 
that 

= edd‘^uj, dfl A d'^fl = e^diu A d'^u>. 

Hence, one can take Bq = eB to be the corresponding constant in Proposition 11.51 
for the metric i.e. 

(3.25) — eBuj^ < 2ndd‘^^ < eBuj^, —eBuj^ < Ari^dVL A #11 < eBuj^. 

Therefore, 


(3.26) 


/ (/3 + euT - eB\\ilj,\\l^C < f (P + euj + d#^,)" 

Jx Jx 

< [ {P + eujr + eBm\l^C. 

Jx 


Combining Lemma 13.71 and (13.261) we get the property (13.131) . 

Next, we shall see how to get (I3.12L i.e. 

(3.27) sup f \(pe\{P + euj + dd^ipe)'^ <+ 00 . 

0<e<l Jx 

Claim 3.9. A# is uniformly bounded from below. 

Proof of Claim \3.!A We use again the equation (13.141) . It gives us 
(/3 + ew + dd^f^eT = 

Integrating two sides 

[ (/S + ew + dd'iAe)" < [ fuj^. 

Jx Jx 

Combining this, the first inequality of (I3.26P and Lemma iTTl we get 




lx 


/w" > / (/3 + ew)" - e(- loge)" C>- > 0 

Jx 2 Jx 


for £ sufficiently small. Thus, the claim easily follows. 


□ 


We proceed to prove (|3.27p . By Claims [3l8l and l3l^ there exists a uniform number 
M > 1 such that 

-M < Ms < M. 

Since ipe = ipe + Mg, we have 

f \ps\{P + eLU + dd^ipsr= f + 

Jx Jx 

< [ + [ Me“/w". 

Jx Jx 

As maxs<o(—se®) = 1/e, we get (13.271) . Thus, the second property of the sequence 
ips is obtained. 

We are in a position to show that p S E^{X,P). In other words, 

f |vj|(/3 + d#y))” <+00 
Jx 

in the sense that there exists a sequence pj f p, pj € PSH{P)r\L°°{X), satisfying 

(3.28) sup f \(pj\{P + dd^pj)^ <+ 00 . 

3 Jx 
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By Claims 13.81 and 13.91 we may assume, without lost of generality, that 

‘fe < -1 


for every 0 < e < 1. The same is true for ip. The construction of the sequence pj 
is as follows. Let us denote for j > 1, 

Pj = maxji^, -j}. 

As /3 > 0, pj G PSH{P) for j > 1. It’s obvious that pj \ p. We shall check (j3.28|) . 
Let us denote 

Pe,j = max{i^e, - j}. 

Observe that, if j is fixed, then pi^^j is uniformly bounded and it decreases to 
Pj G PSH{j3) n L°°{X) as e \ 0. Hence, by the Bedford-Taylor convergence 
theorem |BT82) we have 

{(3 + euj + dd'^Pej)'^ ^ (P + dd‘^Pj)^ weakly as e ^ 0 . 

We will verify that for a fixed j, 

(3.29) [ {-pe,]){P + + dd^pe,jT < C, 

Jx 

where C > 0 is a uniform constant independent of j, £. It follows from (I3.25|) that 
Bq = eB is the constant in (11.51) for the metric 0, = P + eoj. Hence, Proposition ll.bl 
applied to u = pg < v = pej < — 1 implies that 


f i~Ps,j)iP P P dd'^pgj)^ < 2^ f (—pg){P + euj + dd'^pg)^+ 

Jx Jx 

+ eH(-loge)4"'C7, 

where the last term on the right hand side comes from Lemma 13.71 
\Ve,j\ < \^e\ < \Pe\ PM < (^(-loge)”. 


Therefore, for 0 < e < 1, 


f i~Ps,j){P P + dd'^pgjP < 2 " / 


{~Pe){P + + dd^pg)'^ C. 


Jx Jx 

By (13.271) the right hand side is under control. Therefore, we get (13.291) . 

We are ready to justify ()3.28|1 . it is a classical argument. Since pg^j is u.s.c, any 
limit point v of {—pgj[p -I- ew -|- dd‘^pgj)'^}gy.Q as e \ 0 satisfies 


0 < (—pj){P P dd‘^pj)'^ < y. 


It follows that 


0< / {—pj){P-\-dd'^pj)'^<\iuYu\t f {—pg j){Pg + dd^^pg < C <+00 
Jx Jx 

where the last inequality is by (13.291) . Thus, we proved (I3.28|) . i.e. p G £^{X,P). 

End of the proof of Theorem \3.5[ It remains to show that p satisfies the Monge- 
Ampere equation. Since M > pg \ p a.s e \ 0, it follows from the Lebesgue 
dominated convergence theorem that 


By (13.81) we will finish if we can show 

(3.30) {P + eoj + dd^^pgP ^ {P + dd^pP 


as e —>■ 0 . 
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Indeed, this follows from the fact that {/3 + eoj + dd‘^ipe,j)'^ {13 + dd‘^ifj)'^ as e —>■ 0 
for any fixed j, and 

f {P + euj + dd'^ipeT ^-[ Iv’elild + eu + dd'^ipeT < 

./{tpe<—j} 3 Jx 3 

where C > 0 is independent of e and j (see (13.271) '). The proof of the theorem is 
completed. □ 


Thus, we also proved Theorem 13.II bv using the outline above and Theorem l3.5l 


As in the Kahler setting, from Theorems 13.1112.11 and Lemma 13.61 we get the 
following result. 

Corollary 3.10. Let 0 < / G L'p{uj^), p > \, he such that /w" > 0. Let 
ip G PSH{f3) n C{X) be the unique solution to 

(/3 + ddV)" = 

For 0 < e < 1 let pe & PSH{j3 + ew) (3C{X) he the unique solution to 

{^ + eoj + dd‘^ipe)" = 

Then, \ ip uniformly as £ \ 0. 


4. Applications 

In this section we consider applications of results in Sections [2] and [3] to several 
problems on compact Hermitian manifolds. Recall that we use the normalization 

d<^ = ^{B-d), dd‘^ = -dd. 

ZTT TT 

We consider the real Bott-Chern cohomology group 

ui.i / V Ta\ _ {closed real (1, l)-forms} 

Bcy ^ ) {dd'=</,,0GC°°(X,K)} 

Let {/?} denote the class of f3 in H^q{X,'R3). The class {jd} is called ne/if for any 
e > 0 there exists a representative f3 + dd‘^'tfj such that 

P + dd’^'ip > —euj, 

where w is some fixed Hermitian metric on X. 

If /3 > 0, then {/?} is a nef class. If moreover it has positive highest self¬ 
intersection number /3” > 0, then these assumptions allow us to solve the de¬ 
generated Monge-Ampere equation with the background form being p. This gives 
a way to construct non-trivial ,5-psh functions on X. We will get some interesting 
consequences of this fact. 
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4.1. The Tosatti-Weinkove and Demailly-Paun conjectures. We shall start 
with a verification of a conjecture of Tosatti and Weinkove [TW12a] under the 
assumption that /3 > 0. Let us state the result. 


Theorem 4.1. Let X be a n-dimensional compact complex manifold. Suppose there 
exists a class {/3} € which is semi-positive and satisfies fj^ /3" > 0. Let 

xi, ...,xn € X be fixed points and let ti, be positive real numbers so that 

N 

(4,1) j:r“< 

Then there exists a ft-plurisuhharmonic function cp with logarithmic poles at xi, ...,xn 

t{z) < rjTog|z| +0(1), 

in a coordinate neighbourhood (zi, ...,Zn) centered at xj, where \z\^ = |zip + ... + 



Remark 4.2. The conjecture in |TW12a) is stated for (3 being nef and /?" > 0, 
which is motivated by the corresponding result of Demailly on Kahler manifolds. 
We refer the reader to |De93) for applications in algebraic geometry. Tosatti and 
Weinkove proved their conjecture for n = 2, 3 and obtained some partial results for 
general n (if X is Moishezon and {/3} is a rational class). 



Proof of Theorem EH Given Theorem 13.21 Demailly’s mass concentration tech¬ 
nique in [De93[ Sec. 6 ] is adaptable immediately (see also |TW12a] '). For the 
sake of completeness we repeat it here. We choose coordinates (zi,...,z„) in a 
neighbourhood centered at Xj. Let y : R —>■ R be a smooth, convex, increasing, 
which satisfies x(t) = t for t > 0, and x(t) = —^ for t < —1. Put, for £ > 0, 


where |zp = |zip + ... + As observed in |De93] is a closed (1, l)-positive 
form on this coordinate chart, and it is equal to dd‘^ log \z\ outside the ball {|z| < e}. 
Then, we may extend 7 "^ = 0 for |z| > e. Thus, 7 ”^ is a smooth non-negative 
(n, n)-form on X satisfies 


7,, 


lx 




= 1 , 


and 7 ” 


7.E 


6xj the Dirac measure mass at xj as e 


0. Put 


(5 = 



> 0 . 


Using Theorem 13.21 we solve the Monge-Ampere equation 


(/3 + dd^'ipeT 


N 


E 


_n_,n I jc 



where G PSH{f3) fl C'(A),supj(. = 0. The family : supj^ = 0}e>o is 
compact in L^{u}^). Then, there exists a subsequence e —>■ 0 such that converges 
to a + G PSP[{I3) in L^(a;"). 
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We show now that the funciton ip has desired singularities. Let 17 be a neigh¬ 
bourhood of Xj and suppose that 

/3 = dd’^h 

for h e C°°{U) on U. Set v := 'ipe = h -\- Since h & C°°{U), there exists a 
uniform constant C such that < C. Consider 

= Tj (^x(log y) + + C”!: 

where Ci is a large constant. Then for e > 0 small enough 

= Tj'logl^l+<^1: ^^|ay<C', 

{dd’^v)^ > = (dd’^u)^ on U. 

For Cl sufficiently large, u > u on dU, then it follows from the Bedford-Taylor 
comparison principle [BT82] that u > v on U. Hence, 

V'e < 7 ?'logd^l + e) + C 2 on 17. 

Thus, p{z) < log |z| -f 0(1) in U. □ 

We turn now to a weak version of a conjecture of Demailly and Paun |DP04[ 

Conjecture 0.8]. Suppose that a compact n-dimensional complex manifold possesses 
a semi-positive cohomology class {/3} of type (1,1) such that /3” > 0, then it is 
conjectured that this manifold belongs to the Fujiki class C. We are able to prove 
this for manifolds equipped with a pluriclosed metric. Let us state our result. 

Theorem 4.3. Let (7f, w) be a n-dimensional compact complex manifold equipped 

with the pluriclosed metric ui, i.e. dd'^ui = 0. Assume that X possesses a closed 

semi-positive cohomology class {/3} of type (1,1) such that /3” > 0. Then {/?} 
contains a Kdhler current T, i.e. T > Suj for some <5 > 0. 

Remark 4.4. In the case of complex surfaces, i.e. n = 2, there always exits a 
Gauduchon (pluriclosed) metric and the theorem is known thanks to the work of 
N. Buchdahl [Bu99l [Bu00| and A. Lamari |La99a[ lLa99b| . When n = 3 as pointed 
out by Chiose [Chil3[ Remmark 3.3] that the semi-positive assumption of {/?} in 
Theorem 14.31 can be weaken to the nef one. Then, Theorem 14.31 is only interesting 
for n > 4. 

Remark 4.5. By [DP041 Theorem 0.7] we know that a compact complex manifold 
which carries a Kahler current is in the Fujiki class. Recently, Chiose |Chil41 
Theorem 0.2] shows that if X belongs to the Fujiki class and possesses a pluriclosed 
metric, then X is indeed a Kahler manifold. 

Our arguments follow the ideas of Chiose |Chil3) who used the non-degenerate 
Monge-Ampere equation in [TWlOb] to give a simpler proof of Demailly-Paun’s 
theorem [DP041 Theorem 2.12]. Later on, Popovici |Pol4[ Lemma 3.1] made an 
observation that can help to simplify some arguments in [Chil3] . We will also make 
use of this observation. 

Instead of using non degenerate Monge-Ampere equation as in [DP04j [Chil3| 
we use the one with the degenerate left hand side (Section [3|). We do not add a 
small positive Hermitian metric to the degenerate metric /3 > 0. The advantage is 
that the total mass of the left hand side is invariant (=/3"). However, a priori 






























MONGE-AMPERE EQUATION ON COMPACT HERMITIAN MANIFOLDS 


29 


the obtained solutions are only continuous, so we need to extend [Pol41 Lemma 3.2] 
to the singular (1, l)-forms setting. This also required results in previous sections. 
First, we recall a useful lemma due to Lamari |La99a) . 


Lemma 4.6. Let a be a smooth real (1,1) form. There exists a distribution Tp on 
X such that a + > 0 */ and only if 


/ a A 7' 
Jx 


> 0 


for any Gauduchon metric 7 , i.e. dd'^ 7 " ^ = 0, on X. 


Proof of Theorem \4.3\ We argue by contradiction. Suppose that {/?} is not a 
Kahler current. This means there is a sequence Sj i 0, j > 1, and there is no 
representative (3 + u G ViX) such that the real (1,1) current (3 + dd‘^u — Sjuj 
is positive. By Lemma lT6l it implies that for every j > 1 there exists a Gauduchon 
metric gj such that 


< 0 . 


Put Gj '■= gf ■ Then, the inequality is equivalent to 


(4.2) 


/ P < 5j 

lx Jx 


(jj A Gj. 


Since /3 > 0 and /3" > 0, using Theorem 13.2l we solve, for j > 1, 

(4.3) {(3 + dd^Vj)'^ = CjU! A Gj, Vj G PSH{f3) nC{X), supuj = 0. 


A 


Here, by the Stokes theorem, 

Ixil3 + dd’^VjY 


(4.4) 




A Gj w A G 


> 0 . 


Put Pj = /3 + dd^Vj. It is easy to see that 


(4.5) 


/ Pj A Gj = Pa Gj <Sj uj A Gj. 
lx Jx Jx 


Next, we are going to prove that 

(4.6) f Pj AGj- j PJ-^ Auj>^ff ujAGj 

J X J X ^ '\J X 

We prove it by reducing to the case j3j is smooth and positive definite (see fPHT4l 
Lemma 3.2]). Let us fix j for a moment as it does not affect our proof. We remark 
that the reducing process uses in an essential way results in Sections [2] and [3] 



Lemma 4.7. For 0 < e < 1, let Ve € PSH{P) fl C{X) be the unique solution to 

(4.7) (/3 + dd^Ue)" = e®'''wAGj 
(by Theorem \3.1\) . Then, 

(4.8) J {P + dd%e) /\Gj ■ J (/3 + dd%e)"”^ Aw > i e^w A G^-^ . 
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Proof of Lemma Since 0 < e < 1 is fixed, by rescaling we work with /3 := e/3, 
uj = eu), Gj ■.= e^~^Gj and v := evg instead of the original ones. Thus, without 
lost of generality, we may assume e = 1 and write u := Vg. As j is fixed, to avoid 
confusion of notations later, in the proof of this lemma we write 

(4.9) g-.= gj and G:=g^-^=G,. 

Then, (/3 + ddPuY = e“a; A G and we need to show that 

(4.10) J il3 + dd'^u) A G ■ J (P + dd'^u)^-^ A to > ^ (^J A . 

By a theorem of Cherrier [Ch871 Theorem 1, p.373], for any s > 1, we solve Us € 
PSH{I3 + iw) n G°°(X) satisfying 

(4.11) 
with 


/3 + -w + dd^^us ) = e^‘uj A G 


Ts := /3 + -w + dd'^Us > 0. 
s 

We know from Corollary 13.101 that Ug \ u G PSH{fi) n G{X) as s —>■ +oo. Since 
G is fixed, it follows from the Bedford-Taylor convergence theorem |BT82j that 
Tg A G ^ {13 + dd’^u) A G and A w —>■ (/3 -I- dd'^u)"”^ A uj weakly as s —)■ -boo. 
That means 


/ (/3 -b dd'^u) A G • [ {(3 + dd'^u)"' ^ A oj = lim [ Tg A G 

Jx Jx s-i>-|-oo 

A w > i 


rf ^ A UJ. 


lx 


Claim 4.8. J^Tg A G ■ f 


n—1 

Jx 's 




Proof of Claim \f.8\ Since the datum are smooth, we write 


Ts A G ,, 

Tg AG = - UJ 


AUJ = 


T? ^ A w 


It follows from the Cauchy-Schwarz inequality that 
f Tg AG ■ f Tf~^ Auj > 


lx 


lx 



As G = g^ 1 (see (14.91) 1. to get Claim it’s enough to verify that 


Tg A g^ ^ Tg ^ Auj ^ 1 Tg uj A g 


n—1 


L 0 '‘- UJ 

This inequality is equivalent to 


.n -n /,i72 


Tg A g" Ts"-i Auj t^ ^ I t^ uj A 5 ” 


,n 


LJ‘" n UJ'' 


Eliminating ^ on both sides and using the definition of trace, we reformulate it as 

j^n — l 

(4.12) 


1 / X. X 5 ” 1 wAg” 

n it'^9rs){trr^uj) — > 3 


n 


UJ" 


n UJ" 


By (14.131) below, we get that 


4 G \G ^ 5 ” ^ 1 ^ ff" 1 wAg” 

— {trgTg){trr,uj) ■ — > — trgUJ ■ — = - - 

w" w” n w" 
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Thus, (j4.12|) is proved. It is left to prove 

(4.13) {trgTs){trr,Uj) > trgW. 

This is a point-wise inequality. At O G X, we choose a local coordinate such that 
g{0) ='^dzi Adzi, Ts{ 0) = '^aidzi A dzu uj(0) = bimdzi A dzm, 
where o; > 0 and the Hermitian matrix (bim) is positive definite. Therefore, 

trgTs = '^ai, trr,U} = '^—, trgW = y^bii. 


ai 


Hence, (14.131) follows by an elementary calculation. Claim IT^ is proved. 
It follows from Claim iTSl and (14.111) that 


□ 


AG- 


a w > - 


lx 


lx 


e 2 w A G 


'X 


Let s -A -boo, we get (I4.10|) . We finished the proof of Lemma IT 


□ 


We are ready for the verification of (14.61) . By (13.31) in Theorem 13.21 for fixed j 
and fixed x G X we have 

Ci = lim 

where Cj and Ve are from (HI) and (I4T1) . respectively. It also follows from Theo¬ 
rem 13.21 that 

Ve — supue -A Vj uniformly as £ \ 0. 

A 

Since the left hand side of (j4.8l) does not change if we replace Vg by — supjjf v^, 
letting £ —>• 0 gives us 


fdj A Gj 


lx 


Auj>^ 

n 


•AG, 


'X 


Combining this with (14.41) and (14.5|) we get that 

^ /a- 


A w > 


IX “ n 

We use now our assumption on ui. Since dd'^ui = 0, the Stokes theorem gives 
f a;A/3”-^= f u; A {P + dd%j)^-^ = ( w A/S”-^ = G <-boo. 

J X X X 


Therefore, 


f 

S^G > — - for every \ 0. 

n 


It is not possible. Thus, the proof is complete. 


□ 
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4.2. The Chern-Ricci flow on smooth minimal models of general type. 

The Chern-Ricci flow is the analogue of Kahler-Ricci flow on Hermitian manifolds. 
Thanks to the works of Gill [Gill 11 IGill3] and Tosatti-Weinkove |TW12bl ITW12c[ 
|TWYangl3| , among others, interesting results on the Chern-Ricci flow have been 
proved. Those results are often inspired by corresponding results of the Kahler-Ricci 
flow. The authors applied also the Chern-Ricci flow to investigate open problems 
in Hermitian geometry [TW12cl |TWYangl3| . We refer the reader to those papers 
and references therein for more details on the Chern-Ricci flow and its applications. 

We are interested in recent preprint by Gill |Gill3j in which he obtained a gen¬ 
eralisation of a result of Tsuji [Ts88] and Tian-Zhang [TiZhaOb] . We wish to use 
the pluripotential technique to improve his result as it is done in |EGZ09] . Roughly 
speaking we use the elliptic complex Monge-Ampere equation to improve the re¬ 
sults obtained by the parabolic one. It seems to be known for the experts (see 
Remark 14.141 below) but we feel it is worthwhile to write down it here for the 
record and it is also a consequence of our results. 

We first give a setup which is taken from |Gill3] . Let wq be a fixed Hermitian 
metric on X. Then, the normalised Chern-Ricci has the form 


(4.14) 


■§^uj(t) = —Ric{uj(t)) — uj(t) 

w(0) = Wo, 


where Ric{uj{t)) = —i9cHog[w(t)]". 

We shall investigate the flow on a special class of Hermitian manifolds. 

Definition 4.9. A Hermitian manifold is called smooth minimal model of general 
type if cf^(Arx) is ne/and Kx is a big line bundle. 

On such a manifold there is a singular set which plays an important role in 
studying the regularity of the flow (14.141) . It is defined in |CoToI3] . 

Definition 4.10. The null locus of a smooth minimal model of general type is 
defined to be 

A := Ik C a : K is a subvariety, dimV = k, J (cf^(Arx))^ = o| . 

Gill has obtained the following 

Theorem 4.11 f [Gill3] b Let X be a smooth minimal model of general type and 
E is its null locus. Then the normalized Chern-Ricci flow has smooth solution for 
all time t > 0 and 

uj{t) —>■ ujke as t ^ -too 

in the weak sense, where ujke is a closed positive (1,1)-current. Moreover, the 
convergence is in \ E) and 

Ric{ujKE) = —UJKE on X \E. 

E is the smallest set that we can take because of a result of Gollins and Tosatti 
[CoTol3j . It is a generalisation of [DP041 Theorem 0.5] to manifolds in the Fujiki 
class. 

Lemma 4.12 (Gollins-Tosatti ’13). There exists ip G A^(A) such that 

fj -t iddtp > cqujq 
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for some co > 0. The function if S C^{X \ E), where E is the null locus of X and 
E = {tp = —cxd}. 


On the projective manifold of general type, it is showed in [EGZ09] that the 
solution constructed by the Kahler-Ricci flow |Ts88) . [TiZhaOd] , coincides with 
the solution constructed by the elliptic Monge-Ampere equation. Therefore, the 
potential of ojke is continuous |EGZ09[ lEGZll) . 

Thanks to our results in previous sections and the arguments in [EGZ09| we 
are able to get the same statement for the Chern-Ricci flow on smooth minimal 
models of general type. To state our result we need some notation. First, as X is 
Moishezon, there exists a smooth closed semi-positive (1, l)-form /3 such that 

{^} = -cf^(A). 


Moreover, we can pick a Hermitian metric satisfying 


P = idd\og9T, 


TE = 


w, 


lx 


lx 


0 ■ 


As Kx is big we have 


/3” > 0. 


lx 


Theorem 4.13. The closed positive {1,1) - current ujke in Theorem has a 
unique continuous potential, i.e. there is a unique continuous function ip such that 

{jd + dd^ip)"^ = e'^VE, with ujke = P + dd‘^ip >Q, 
in the weak sense on X and in Cf^^{X \ E). 


Remark 4.14. Under the assumptions of Theorem 14.111 X belongs to the Fujiki 
class. Then, the results in [EGZll] and |CoTol3) can be used to repeat all argu¬ 
ments of [EGZ09] . Thus, we would get another proof of Theorem 0331 


Having the above lemma the proof of Theorem 14.131 follows the lines of that of 
[EGZ091 Proposition 4.3, 4.4]. 


References 

[BT82] E. Bedford and B. A. Taylor, A new capacity for plurisubharmonic functions. Acta 
Math. 149 (1982), 1-40. 

[BK07] Z. Block! and S. Kolodziej, On regularization of plurisubharmonic functions on man¬ 
ifolds. Proc. Amer. Math. Soc. 135 (2007), no. 7, 2089-2093. 

[Bu99] N. Buchdahl, On compact Kdhler surfaces. Ann. Inst. Fourier (Grenoble). 49 (1999), 
no. 1, vii, xi, 287-302. 

[BuOO] N. Buchdahl, A Nakai-Moishezon criterion for non-Kdhler surfaces. Ann. Inst. 
Fourier (Grenoble). 50 (2000), no. 5, 1533-1538. 

[Ce98] U. Cegrell, Pluricomplex energy. Acta Math. 180 (1998), no. 2, 187-217. 

[Ch87] P. Cherrier, Equations de Monge-Ampere sur les varietes Hermitiennes compactes. 

Bull. Sci. Math. Ill (2) (1987), 343-385. 

[Chil3] I. Chiose, The Kdhler rank of compact complex manifolds, preprint arXiv:1308.2043 

[Chil4] I. Chiose, Obstructions to the existence of Khler structures on compact complex man¬ 

ifolds. Proc. Amer. Math. Soc. 142 (2014), no. 10, 3561-3568. 

[C 0 T 0 I 3 ] T.C. Collins and V. Tosatti, Kdhler currents and null loci, preprint arXiv: 1304.5216. 

[De09] J.-P. Demailly, Gomplex analytic and differential geometry, version September 2009. 

[DePalO] J-P. Demailly and N. Pali, Degenerate complex Monge-Ampere equations over com¬ 
pact Kdhler manifolds. Internat. J. Math. 21 (2010), no. 3, 357-405. 

[DP04] J-P. Demailly and M. Paun, Numerical characterization of the Kdhler cone of a 
compact Kdhler manifold. Ann. of Math. (2) 159 (2004), no. 3, 1247-1274. 



























34 

NGOC CUONG NGUYEN 

[De93] 

J-P. Demailly, A numerical criterion for very ample line bundles. J. Differential 
Geom. 37 (1993), no. 2, 323-374. 

[Di09] 

S. Dinew, An inequality for mixed Monge-Ampere measures. Math. Zeit. 262 (2009), 
1-15. 

[Dil4] 

S. Dinew, Pluripotential theory on compact Hermitian manifolds, preprint. December 
2014. 

[DK12] 

S. Dinew and S. Kolodziej, Pluripotential estimates on compact Hermitian manifolds. 
Adv. Lect. Math. (ALM), 21 (2012), International Press, Boston. 

[DiZhlO] 

S. Dinew and Z. Zhang, On stability and continuity of bounded solutions of degenerate 
complex Monge-Ampere equations over compact Kdhler manifolds. Adv. Math. 225 
(2010), no. 1, 367-388. 

[EGZ09] 

P. Eyssidieux, V. Guedj and A. Zeriahi, Singular Kdhler-Einstein matrics. J. Amer. 
Math. Soc. 22 (2009), no. 3, 607-639. 

[EGZll] 

P. Eyssidieux, V. Guedj and A. Zeriahi, Viscosity solutions to degenerate complex 
Monge-Ampere equations. Gomm. Pure Appl. Math. 64 (2011), no. 8, 1059-1094. 

[Gau77] 

P. Gauduchon, La theoreme de Vexcentricite nulle. C. R. Acad. Sci. Paris 285 (1977), 
387-390. 

[Gilll] 

M. Gill, Convergence of the parabolic complex Monge-Ampere equation on compact 
Hermitian manifolds. Com. Anal. Geom. 19 (2011), no. 2, 277-303. 

[Gills] 

M. Gill, The Chem-Ricci flow on smooth minimal models of general type, preprint 
arXiv: 1307.0066vl. 

[GLIO] 

B. Guan and Q. Li, Complex Monge-Ampere equations and totally real submanifolds. 
Adv. Math. 225 (2010), no. 3, 1185-1223. 

[GZ05] 

V.Guedj and A.Zeriahi, Intrinsic capacities on compact Kdhler manifolds. J. Geom. 
Anal. 15 (2005), 607-639. 

[GZ07] 

V.Guedj and A.Zeriahi, The weighted Monge-Ampere energy of quasiplurisubhar- 

[Ha96a] 

monic functions. J. Fund. Anal. 250 (2) (2007), 442-482. 

A. Hanani, Equations du type de Monge-Ampere sur les varietes hermitiennes com- 
pactes. J. Fund. Anal. 137 (1996), 49-75. 

[Ha96b] 

A. Hanani, Une generalisation de Vequation de Monge-Ampere sur les varietes her¬ 
mitiennes compactes. Bull. Sci. Math. 120 (1996), 215-252. 

[Kol98] 

[KolOS] 

S. Kolodziej, The complex Monge-Ampere equation. Acta Math. 180 (1998), 69-117. 
S. Kolodziej, The Monge-Ampere equation on compact Kdhler manifolds. Indiana 
Univ. Math. J. 52 (2003), no. 3, 667-686. 

[KolOS] 

S. Kolodziej, The complex Monge-Ampere equation and pluripotential theory. Mem¬ 
oirs Amer. Math. Soc. 178 (2005), pp. 64. 

[KN13] 

S. Kolodziej and N.C. Nguyen, Weak solutions to the complex Monge-Ampere equa¬ 
tion on Hermitian manifolds, preprint arXiv:1312.5491 to appear in Proceedings of 
the Conference in honor of Duong H. Phong. Contemp. Math. AMS. 

[La99a] 

A. Lamari, Courants kdhleriens et surfaces compactes. Ann. Inst. Fourier (Grenoble) 
49 (1999), no. 1, vii, x, 263-285. 

[La99b] 

A. Lamari, Le cone kdhlerien d’une surface. J. Math. Pures Appl. (9) 78 (1999), no. 
3, 249-263. 

[Niels] 

X. Nie, Regularity of a complex Monge-Ampere equation on Hermitian manifolds. 
Comm. Anal. Geom. 22 (2014), no. 5, 833-856. 

[PSS12] 

D. H. Phong, J. Song and J. Sturm, Complex Monge-Ampre equations. Surveys in 
differential geometry. Vol. XVII, 327-410, Surv. Differ. Geom., 17, Int. Press, Boston, 
MA, 2012. 

[Pol4] 

D. Popovici, An Observation Relative to a Paper by J. Xiao, preprint 
arXiv:1405.2518 

[SunlSa] 

W. Sun, On a class of fully nonlinear elliptic equations on closed Hermitian mani¬ 
folds. preprint arXiv: 1310.0362vl. 

[SunlSb] 

W. Sun, Parabolic Complex Monge-Ampre Type Equations on Closed Hermitian 
Manifolds, preprint arXiv: 1311.3002. 

[Ti87] 

G. Tian, On Kdhler-Einstein metrics on certain Kdhler manifolds with ci(M) > 0. 
Invent. Math. 89 (1987), no. 2, 225-246. 

[TiZha06] 

G. Tian and Z. Zhang, On the Kdhler-Ricci flow on projective manifolds of general 
type. Chinese Ann. Math. Ser. B 27 (2006), no. 2, 179-192. 


MONGE-AMPERE EQUATION ON COMPACT HERMITIAN MANIFOLDS 


35 


[TWlOa] V. Tosatti and B. Weinkove, Estimates for the complex Monge-Ampere equation on 
Hermitian and balanced manifolds. Asian J. Math. 14 (2010), no.l, 19-40. 

[TWlOb] V. Tosatti and B. Weinkove, The complex Monge-Ampere equation on compact Her¬ 
mitian manifolds. J. Amer. Math. Soc. 23 (2010), no. 4, 1187-1195. 

[TW12a] V. Tosatti and Weinkove, Plurisubharmonic functions and nef classes on complex 
manifolds. Proc. Amer. Math. Soc. 140 (2012), no. 11, 4003-4010. 

[TW12b] V. Tosatti and B. Weinkove, On the evolution of a Hermitian metric by its Chem- 
Ricci form, preprint arXiv: 1201.0312. to appear in J. Differential Geom. 

[TW12c] V. Tosatti and B. Weinkove, The Chem-Ricci flow on complex surfaces. Compos. 
Math. 149 (2013), no. 12, 2101-2138. 

[TWYangl3] V. Tosatti and B. Weinkove and W. Yang, Collapsing of the Chern-Ricci flow on 
elliptic surfaces, preprint arXiv: 1302.6545. to appear in Math. Ann. 

[Ts88] H. Tsuji, Existence and degeneration of Kdhler-Einstein metrics on minimal alge¬ 

braic varieties of general type. Math. Ann. 281 (1988), no. 1, 123-133. 

[ZZll] X. Zhang and X. Zhang, Regularity estimates of solutions to complex Monge-Ampere 

equations on Hermitian manifolds. J. Fund. Anal. 260 (2011), no. 7, 2004-2026. 

Faculty of Mathematics and Computer Science, Jagiellonian University 30-348 Krakow, 

Lojasiewicza 6, Poland. 

E-mail address: Nguyen.Ngoc.Cuong@im.uj.edu.pl 



